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Abstract
The one-dimensional Ginzburg-Landau (GL) Equation is considered. We use the recently developed
extended F-expansion method to obtain spiral wave solution of one-dimensional GL Equation.
PACS numbers: 02.30.Jr, 02.30.Gp
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INTRODUCTION
The Ginzburg-Landau (GL) Equation is one of the most-studied nonlinear partial differential
equations (PDE) [1]. Spiral waves are important patterns in many systems, such as physics, chem-
istry, materials, biology, etc. Exploring exact solutions of nonlinear PDE is a hot and difficult topic
in mathematical physics. Many methods were developed for studying exact solutions of nonlinear
PDEs. Recently, a new method named extended F-expansion was proposed [2][3]. It’s useful to
obtain more Jacobi elliptic function solutions. In this paper it is used to study the one-dimensional
GL Equation. We obtain a spiral wave solution, which is exactly same with Hagan’s solution [4].
SPIRAL WAVES OF ONE-DIMENSIONAL GINZBURG-LANDAU EQUATION
The Ginzburg-Landau Equation is given by
∂tA = A+ (1 + ib)∆A− (1 + ic)|A|2A, (1)
where A is a complex function of time t and space x; b and c are real parameters describing
linear and nonlinear dispersion, respectively. It’s useful to represent the complex functionA in the
following way
A = Reiθ. (2)
Then the Eq. ( 1) becomes
∂tR = [△− (▽θ)2]R− b(2▽ θ · ▽R +R△ θ) + (1− R2)R,
R∂tθ = b[△− (▽θ)2]R + 2▽ θ · ▽R +R△ θ − cR3.
(3)
If b = 0, then it becomes a class of reaction-diffusion equations called λ− ω systems which have
the following general form
∂tR = [△− (▽θ)2]R +Rλ(R),
R∂tθ = 2▽ θ · ▽R +R△ θ + qRω(R).
(4)
For one-dimensional systems, let us assume the analogues of spiral wave solutions have the form
R = ρ(x),
θ = −c(1− k2)T + ψ(x),
(5)
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where k is an arbitrary constant and T is a long-time scale [4]. Substitution into Eq. ( 4) yields [4]
ρxx + ρ(1− ρ2 − ψ2x) = 0,
ψxx + 2ρxψx/ρ = −c(1− k2 − ρ2).
(6)
Let us assume,
ξ = fx,
ρ = a0 + a1F (ξ) + ...+ amF (ξ)
m,
ψx = b0 + b1F (ξ) + ... + bnF (ξ)
n.
(7)
where ai and bj (i = 0, 1, m; j = 0, 1, ...n) are constants to be determined later. F (ξ) is a solution
of the first-oder nonlinear ODE
F
′2 = s4F
4 + s2F
2 + s0,
f 2ρxx + ρ(1 − ρ2 − ψ2x) = 0,
fψxx + 2fρxψx/ρ = −c(1 − k2 − ρ2).
(8)
According to the homogeneous balance method [2], we know m = n = 1, hence
ρ = a0 + a1F (ξ),
ψx = b0 + b1F (ξ).
(9)
So we get the equations,
a1f
2F
′′
+ (a0 + a1F )− (a0 + a1F )3 − (a0 + a1F )(b0 + b1F 2)2 = 0,
(a0 + a1F )b1fF
′
+ 2a1fF
′
(b0 + b1F
2) = −c(1 − k2)(a0 + a1F ) + c(a0 + a1F )3,
2a1s4f
2F 3 + a1s2f
2F + a0 + a1F − a30 − 3a20a1F − 3a0a21F 2 − a31F 3
− a0b20 − 2a0b0b1F − a0b21F 2 − a1b20F − 2a1b0b1F 2 − a1b21F 3 = 0.
(10)
By requiring the coefficients of each term F i in the third equation of Eqs. (10) are zero, we obtain,
F 3 : 2a1s4f
2 − a31 − a1b21 = 0,
F 2 : −3a0a21 − a0b21 − 2a1b0b1 = 0,
F 1 : a1s2f
2 + a1 − 3a20a1 − 2a0b0b1 − a1b20 = 0,
F 0 : a0 − a30 − a0b20 = 0.
(11)
From the above equations we obtain a0 = b0 = 0, f 2 = −1/s2, a21 + b21 = 2s4f 2. Then from the
first two equations of Eqs. ( 10) we have
3b1fF
′
= −c(1 − k2)− a21qF 2. (12)
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Finally, we obtain
4s0s4 = s
2
2, s2 < 0,
a21 = −s2(1− k2)/(2s0),
b21 = −c2(1− k2)2s2/(9s0).
(13)
s4 s2 s0 F
′2 = s4F
4 + s2F
2 + s0 F (x)
m2 −(1 +m2) 1 F ′2 = (1− F 2)(1−m2F 2) sn(x)
−m2 2m2 − 1 1−m2 F ′2 = (1− F 2)(1 +m2F 2 −m2) cn(x)
−1 2−m2 m2 − 1 F ′2 = (1− F 2)(F 2 +m2 − 1) dn(x)
1 −(1 +m2) m2 F ′2 = (1− F 2)(m2 − F 2) ns(x)
1−m2 2m2 − 1 −m2 F ′2 = (1− F 2)[(m2 − 1)F 2 −m2] nc(x)
m2 − 1 2−m2 −1 F ′2 = (1− F 2)[(1 −m2)F 2 − 1] nd(x)
−m2(1−m2) 2−m2 1 F ′2 = (1 + F 2)[(1 −m2)F 2 + 1] sc(x)
−m2(1−m2) 2m2 − 1 1 F ′2 = (1 +m2F 2)[(m2 − 1)F 2 + 1) sd(x)
1 2−m2 1−m2 F ′2 = (1 + F 2)(1 −m2 + F 2) cs(x)
1 2m2 − 1 −m2(1−m2) F ′2 = (m2 + F 2)(m2 − 1 + F 2) ds(x)
TABLE I: Relations between the parameter(s0, s2, s4) and F (x), where F (x) is satisfied with ODE F
′2 =
s4F
4 + s2F
2 + s0.
According to the Table I, the only possible Jacobi elliptic function which is satisfied with the
Eqs. (13) is sn(ξ) with m = 1, i.e. tanh(ξ) [2]. So we obtain,
a0 = b0 = 0,
a1 =
√
1− k2,
b1 = k,
F (ξ) = tanh(ξ),
f = 1/
√
2.
(14)
So the spiral wave solution for the one-dimensional GL Equation is
ρ(x) =
√
1− k2 tanh(x/
√
2),
ψ(x) = k tanh(x/
√
2),
c = −3k/(
√
2(1− k2)).
(15)
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So we finally get the one-dimensional GL Equation’s solution
A =
√
1− k2 tanh(x/
√
2)ei[3k(1−k
2)T/(
√
2(1−k2))+k tanh(x/
√
2)]. (16)
This is the same as Hagan’s solution [4].
CONCLUSIONS
Based on balance mechanism in nonlinear PDEs, the extended F-expansion method is widely
used to obtain single and combined non-degenerative Jacobi elliptic function solutions, as well as
their corresponding degenerative solutions, for many kinds of PDEs. As example, we give a spiral
wave solution for the one-dimensional GL equation in this paper. From this example we can see
that the extended F-expansion method is a powerful tool in the nonlinear PDE field. We can expect
that solutions of the higher dimensional GL Equations also will be obtained in this way.
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